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Boundary element methods are emerging as a powerful tool 
for numerical modeling. They use singular solutions of the 
equations describing the material behavior. These singular 
solutions in elastostatics are usually obtained for linear 
homogeneous elastic problems. When a problem domain has more 
than one set of material properties, different boundary 
element subregions have to be defined. This method has certain 
disadvantages.
Alternative schemes have been developed to solve 
inhomogeneous elastic and elasto-viscoplastic problems. These 
are iterative schemes and do not require the use of 
subregions. The theory and algorithms have been presented. The 
algorithms have been validated for one- and two-dimensional 
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Any continuum mechanics problem is mathematically 
described by its governing differential equations and 
corresponding boundary conditions. For example, in a typical 
stress analysis, the differential equations describing the 
material behavior are the equilibrium equation, equation of 
compatibility and a constitutive relationship between 
stresses and strains. The boundary conditions are usually 
applied boundary tractions and/or displacements. Except in 
simple cases, these problems are solved using approximate 
methods, which transform the equations into algebraic 
relationships. This transformation is accomplished through 
the use of a cell, grid or element mesh for the spatial 
discretization and a finite number of time steps for the 
temporal discretization. The type of approximation is 
important as it directly affects the accuracy of the results 
and the economy of solution in terms of computer power.
Over the past few decades, various numerical methods
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have been developed to solve problems in continuum 
mechanics. Of these, the finite element methods (FEM) are 
the most well understood and well established. FEM is being 
applied successfully to many practical engineering problems 
(Zienkiewicz (1977)). Boundary element methods (BEM) are 
more recent. They have been successfully applied to linear 
problems and many researchers have been involved in 
developing efficient algorithms for non-linear systems. A 
commercial code using BEM is yet to become popular.
Boundary element methods are a family of numerical 
solution techniques which can be used to solve a variety of 
continuum mechanics problems. BEM uses singular solutions of 
the governing differential equations to model the physical 
problem (Butterfield(1972), Mustoe(1980), Banerjee and 
Butterfield(1981)). Therefore when there is no interior 
loading (such as initial stresses, thermal stresses, body 
forces etc.), the discretization is confined to the boundary 
in two dimensions and the surface in three dimensions.
In BEM, because the trial functions are Green's 
functions, the governing differential equations are 
satisfied exactly in the interior of the domain. However, 
the prescribed boundary conditions are satisfied in an 
approximate sense using a point collocation procedure or a 
weighted residual technique.
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In contrast the FEM satisfies the boundary conditions 
exactly but the differential equation, in the interior, is 
solved in an approximate sense. Moreover, the derived 
variables calculated by numerical differentiation of the 
primary variable in a FEM formulation are inherently less 
accurate than the calculated primary variable. In a typical 
displacement based FEM formulation the strains and stresses 
are the derived variables. These values are less accurate 
than the calculated values of displacements. However, in the 
boundary element methods, the values of the derived 
variables are calculated as accurately as the primary ones. 
In summary, the essential advantages of BEM over FEM are the 
reduced dimensionality of the problem and a better accuracy 
with respect to both the primary and secondary variables.
These advantages have been theoretically substantiated 
by the accuracy and convergence studies performed by 
Wendland and co-workers, see Wendland and Hsiao (1976), 
Wendland and Kleinman (1977) and Wendland and Hsiao (1977).
For a detailed introduction to the BEM technique, the 
reader is advised to refer one of the many available texts 
(Brebbia, Telles and Wrobel(1984), Brebbia and 
Dominguez(1989), Banerjee and Butterfield(1981)).
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1.2 Aim of the present work
Boundary element methods (BEM) have been used to solve 
linear problems with or without material inhomogeneities and 
the advantages over other numerical techniques have been 
demonstrated quite effectively (Mustoe (1980), Lachat and 
Watson (1976), Banerjee and Butterfield (1981)). When a body 
contains inhomogeneous regions, the BEM procedure usually 
employs a number of distinct homogeneous subregions. With 
these subregions material inhomogeneities are approximated 
by a piecewise homogeneous model.
BEM has also been used to solve nonlinear stress 
analysis problems. BEM procedures for these applications 
usually involve unknown distributed forces throughout the 
domain of the problem, also referred to as source terms. In 
a typical stress analysis problem these distributed source 
terms may correspond to some equivalent spatial distribution 
of initial stresses or strains present within the domain. To 
solve these kinds of problems the domain is, usually 
subdivided into cells (Mustoe (1984)).
The method of subregions has its disadvantages in 
certain types of problems. If the problem has numerous 
localized inhomogeneities, many boundary element subregions 
have to be defined. This method is also not suitable for 
problems with a continuous spatial variation of material
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properties. Another type of problem where the method of 
subregions may be inaccurate are those in which the 
inhomogeneous regions are very slender.
The present work focuses on the development and 
examination of alternative boundary element schemes for 
solving two-dimensional inhomogeneous linear elastic and 
elasto-viscoplastic stress analysis problems. These new 
algorithms do not make use of subregions to account for 
material inhomogeneities. Material inhomogeneities and 
nonlinearities are modelled with internal cell 
discretization. Iterative schemes for solving these problems 
have been developed and implemented. Applications of these 
algorithms to numerical examples are presented and the 
results are compared with analytical and finite element 
solutions.
1.3 Layout of the thesis:
Chapter 2 presents a literature survey relevant to this 
research. Several publications relating to boundary element 
applications to nonlinear problems are cited. It 
demonstrates the various capabilities of BEM and its 
advantages over other numerical techniques with specific 
examples.
Chapter 3 forms the substantial part of the research
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work. The first section develops the basic formulation for 
elastostatics based upon the governing differential 
equations. It discusses the behavior of various fundamental 
solutions used in solving the integral equation. It also 
explicitly describes the integration procedures used to 
carry out the surface and volume integrations. In the last 
section, the algorithms developed for the inhomogeneous 
linear elastic and viscoplastic problems are presented.
Chapter 4 validates the algorithms developed in Chapter
3. BEM results are obtained for some specific problems. The 
solutions of these problems are compared to available 
analytical or FEM solutions.
Chapter 5 contains concluding remarks for the present 




BACKGROUND AND LITERATURE SURVEY
2.1 Introduction
This chapter presents some more commonly used 
techniques in boundary elements to solve problems with 
material inhomogeneities and other nonlinear problems.
2.2 Inhomogeneous elasticity
The method usually applied to solve problems with 
material inhomogeneities has been the method of subregions 
or zoned homogeneous regions. It was first implemented by 
Lachat and Watson{1976). A detailed description of this 
method is presented by Lachat (1975). Other researchers 
(Banerjee and Raveendra(1986)) have also used this method 
effectively subsequently for solving nonlinear problems. A 
brief outline of this method is presented below.
Consider a region Q comprising of two different 
homogeneous regions and with boundaries rx and r2 and 
an interface boundary r .
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Let the following be defined over region 1:
u1, t1 - nodal displacements and tractions on the external 
boundary rx.
uI1/tI1 - nodal displacements and tractions on the interface 
Tj and belonging to 
and over region 2:
u2, t2 - nodal displacements and tractions on the external 
boundary T2.
uI2,tI2- nodal displacements and tractions on the interface 
Tx and belonging to Q2.
The boundary element equations are developed for each 
region separately with the interface being a separate 





where the matrices [H] and [G] are computed from boundary 
integrations of the integral equation kernels around the two 
regions. A detailed definition of the matrices [H] and [G] 
is presented in Chapter 3. The point to be noted is that 
the solution of the two systems of Equations (1) and (2) 
require interface continuity conditions. The above two 
systems of equations must be coupled using equilibrium and 
compatibility conditions on the interface rz which are given 
as, respectively,
tf = ~tr = t-
Ux1 U T = U-
(3)
With these conditions, at the common interface nodes, 
the above two systems of equations are assembled with known 
boundary conditions. Note that the displacements and 
tractions on the interface are unknowns. This system of 
equations, unlike that for the homogeneous case is not fully 
populated and is blocked - one block for each region. There 
are block solver schemes that have been used to solve these 
systems of equations (Lachat and Watson, 1976).
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2.3 Nonlinear problems
The advantages of boundary element methods in linear 
continuum problems (such as potential flow, electromagnetics 
and elastostatics) have been demonstrated very effectively 
(Lachat(1975), Banerjee and Butterfield(1976), Rizzo and 
Shippy(1977), Mustoe(1980)). Since modeling of realistic 
problems invariably involves nonlinearities of some nature 
researchers have been involved in developing boundary 
element algorithms for various nonlinear applications. This 
section describes elasto-plastic and elasto-viscoplastic 
applications of boundary element methods.
Many researchers over the last decade have shown that 
the BEM can used to solve various nonlinear problems 
(Banerjee and Mustoe(1978), Mukherjee and Kumar(1978),
Telles and Brebbia(1981), Marjaria and Mukherjee(1979), 
Matiasson, Runesson and Samuelsson(1988), Banerjee and 
Raveendra(1986), Henry and Banerjee(1987), Henry and 
Banerjee(1988), Chen and Ji (1990).
Any elasto-plastic or elasto-viscoplastic application 
of BEM requires domain integration to take into account an 
undetermined initial strain, an initial stress or a body 
force which arise due to the presence of nonlinear behavior. 
These source terms are present because the Green's functions 
are based on the homogeneous elastic problem. These domain
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integrations are difficult to evaluate because of the nature 
of functions being integrated. The functions involve 
singularities of various orders. The accuracy of the 
boundary element solution is strongly dependent on how 
accurately the boundary and domain integrals are performed.
In BEM formulations with straight sided cells and 
piecewise constant function interpolation on the boundary 
all integrals can be carried out analytically. However, 
these schemes of low order of interpolation are not very 
accurate. Therefore, higher order isoparametric formulations 
of geometry and the variables are required in BEM. In these 
procedures numerical integration is required. Hence, 
integration errors occur and these have to be quantified 
because of their influence on the final solution.
The boundary and domain integrals are of various kinds. 
They can either be strongly singular, near singular or not 
singular. The behavior is strongly dependent on the aspect 
ratio of the cells. The numerical integration of the 
singular functions can be difficult to carry out depending 
on the geometry of the problem. Attempts have been made to 
improve the accuracy and efficiency of these integrations. 
Two important papers dealing with this problem are those by 
Bui(1978) and Mustoe(1984). Bui(1978) deals with the 
singularity term in the strain equation which had been
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incorrectly ignored in previous boundary element algorithms 
(Marjaria and Mukherjee (1979)). Mustoe(1984) on the other 
hand describes a general purpose numerical algorithm and 
gives a computer code to evaluate two- and three- 
dimensional integrals over internal cells. The integration 
scheme used in the present work follows the scheme developed 
by Mustoe (1984), but with some improvements on the method 
which are described in Chapter 3.
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CHAPTER 3 
BASIC THEORY AND ALGORITHMS
3.1 Introduction
This chapter presents the mathematical basis of 
boundary element methods as applied to homogeneous and 
inhomogeneous elastic and elasto-viscoplastic materials. 
Sections 3.2 and 3.3 present the integral equations for 
homogeneous and for inhomogeneous elastic problems. Section
3.4 gives a step by step computational procedure to 
implement these equations. Section 3.5 discusses an 
algorithm for inhomogeneous viscoplastic problems.
Section 3.6 presents a computational procedure implementing 
the algorithm.
3.2 Two dimensional linear elasticity problems
3.2.1 A two dimensional linear elastic problem. For an 
isotropic elastic body referred to a Cartesian coordinate 
system shown in Figure (1), the governing differential
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equation which is based on equilibrium considerations for 
any portion of the body can be written as,
ti = ^
Figure 1 Problem Definition
d^"iJ + b 1 = 0, X € V, (i, j = 1,2) (4)
where oAj is the stress tensor and b± are the components of
T-3937 15
the body force per unit area at the point x in the domain 




where u± are the components of displacement at point x. 
Hooke's law relating the stress and strain components in an 
isotropic elastic solid can be written as
= + 2 “ e «  (6)
where ii and v are elastic constants (v is the Poisson's 
ratio of the material and jj is the shear modulus) and 5i;j 
Kronecker's delta symbol. Hooke's law can also be written in 
a condensed form as
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where D±jkl is a fourth rank tensor of material constants. 
Equation (7) is usually referred to as the constitutive 
relationship of the body.
The constitutive relationship for a two-dimensional 
problem in plane strain is given by Equation (6). For a 
plane stress problem Equation (5) describes the constitutive 
relation with a substitution of the Poisson's ratio (v) by 
v which is given by
v = - m - 2 — r  (8)(i + v)
The boundary conditions for this class of problems are 
usually of a mixed kind. The two type of boundary conditions 
are:
i) essential (prescribed displacement) 
u± - uL , x £ Su 
where ai is the prescribed displacement on the 
surface Su.
and ii) natural (prescribed surface tractions) 
t, = x e St
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where ti is the prescribed traction on the 
surface. The traction at x is defined as t± 
with n being the outward normal at x. The entire 
surface of the body is the union of the two 
surfaces with the appropriate boundary conditions 
(S = Su u St).
The mathematical description of the elastic problem 
given by Equations (4), (5) and (6) can be reduced to a 
single set of governing equations by writing the equilibrium 
equations in terms of displacements
tn (u.L , i + U j , i) ] , j + 26 [HU*, kv/ (l-2v) ] , j + bi=0(9)
Equation (9) is usually referred to as Navier's equations of 
equilibrium. The notation (fj) denotes differentiation with 
respect to the variable xj. Repeated indices indicate 
summation and this notation will be used through out the 
text unless otherwise stated.
3.2.2 Fundamental singular solutions for the linear 
elastic problem. The fundamental singular solutions play a 
very important role in BEM algorithms. Equation (9) can also
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be written as
A u t + ($-x)=0, x e V (10)
where the differential operator A is defined by Equation 
(9), e1 is a unit vector in some arbitrary direction at x, 
and 6($-x) is a Dirac delta function in any domain V, with 
any appropriate boundary conditions satisfied a priori. For 
plane strain problems (Banerjee (1981)), the singular 
solution is the displacement at x due to a unit force at £ 
and is given by,
u±(x) = G±j (x, C)ej(5) (ii)
The boundary tractions at the point x are given by
ti(x) = o13 njf or,
tA(x) = Flk(§,x)ek(5) (12)
The kernels G1;J and are given in Appendix A.
The strain and stress kernels are derived easily using
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expressions for strain-displacement relationships, Equation 
(5) and Hooke's law, Equation (7). Details of these 
calculations are given by Cruse(1974). It is worth noting 
here that when the load point and the field point coincide 
(x± = £±) the functions Gi;J and FAj become singular. The 
singularity of Gi:j comes from the term ln(r) which is weakly 
singular and the singularity of Fdj comes from the (1/r) 
term which is strongly singular. While the integrals of 
always exist in a normal sense, those of F±J have to 
interpreted using Cauchy principal values when the load 
point and the field point coincide on the boundary. These 
methods are discussed in Section 3.2.6.
3.2.3 Direct boundary element formulation for 
homogenous isotropic elasticity. The direct BEM formulation 
uses Betti's second theorem (Betti(1872))(reciprocal work 
theorem). This theorem states that if two distinct elastic 
equilibrium states (b^, ti*, u±*) and (bA, tA, u±) exist in a 
region V bounded by a surface S then the work done by the 
forces in the first state on the displacements of the second 
is equal to the work done by the forces of the second state 
on the displacements of the first. Therefore, the values for 
virtual work in these two states can be equated, to give,
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t± (x) * u ± (x) ds (x) + J j o l  (z) Ui (z) dv (z) 
f t i(x)u*(x)ds(x) + /* b t (z) ui (z) dv (z)
(13)
where x is a point on the surface S and z is a point in V 
(Banerjee(1981)). In Equation (14), 6±j is the Kroenecker's 
delta and 6(z,£) is the Dirac's delta function. If the 
actual state of displacements, tractions and body forces 
correspond to the first state, and, the second state (*) 
corresponds to the displacements and tractions generated by 
a unit force in an infinite solid, Equation (13) can be 
written as,
The second integral can be simplified using the 
properties of the delta function and using
bA(z) = 6±J6(z,£) (bA(z) is now a unit force at z), one gets,
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/ «  ij6 (z-$)ui(z)dv(z) = J*Uj (z) 6 (z, $) dv(z) = Pu-j (£)
(15)
where 0 = 1 within V and 0 = 0 outside S. Since e^S) is 
arbitrary it can be eliminated throughout the equation and 
using the Green's functions, one gets Somigliana's identity 
This identity relates the displacements for a point in the 
interior of V due to any admissible combinations of tA and 
u± over S and a given distribution of bL within the volume 
V,
CyUj (5) =/ [tt (x) GAj (X, £) -Ftj (x, $) Ui (x) ] ds (x) +s
j k>i (z) G13 (z,5)dv(z)
(16)
where the functions G±j and F are exactly as those defined 
in Equations (11) and (12). cAj (equivalent to /?) is a 
second rank tensor which is defined in the following way,
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(i) when the point £ is within V
c ij (5) =






(ill) when the point £ is outside V




This is a brief presentation of Somigliana's identity 
(Equation (16)) which forms the basis of the boundary 
element formulation developed for linear elastic problems.
It forms the basis for all analyses in this work. For a more 
detailed derivation, refer to Banerjee and Butterfield 
(1981) .
The next section is devoted to formulating the integral 
equation for a linear elastic problem with an initial stress 
gradient as a body force.
3.2.4 The initial stress problem. The equilibrium 
Equation (4) can be written as
olj(j + b ± = 0 (20)
where (/;J) denotes differentiation with respect to x̂  
(d/dXj) . The body force b± can be written as an initial 
stress gradient (a±j j°), so that,
= oia.i (21)
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Rewriting Equation (16) with the force being 
substituted by an initial stress gradient, one has,




Using the properties of the chain rule for 
differentiation on the last term, Equation (22) becomes,
ĉ jUj (£) = f [tt {x)Gi (x, £) -Fij (x, 5)u± (x) ] ds (x)
33 Js 3 3 (23)
+ fvl (Gi;) (x,C) o°ij), j - GiJ( j (x, 5) o°ij] dv(z)
Application of the Green's theorem to the third integral of 
Equation (23) with Equation (21) gives,
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CijUjfS) = f [G^fx,?) ( t i ( x )  + ti(x)) - 
J s 
Fij (x, S)u i. (x) ] ds (x) - f Kijlc(x, I) o°jkdV(z)
J V
(24)
where KijJt(x,£) is identified as Gtj/R(x,£) and 
ti° = ^ . Equation (24) relates the displacement at a
point(u^(£)) in terms of the surface displacements (ui(x))/ 
the surface tractions'(t1(x)), the surface tractions due to 
the initial stress distribution (ti°(x)) and the initial 
stress distribution within the body (oiJc°) . The expressions 
for strain at an internal point are obtained using the 
strain displacement relations, Equation (5). The expression 
for strain is given by




3.2.5 Discretization of the boundary and volume 
integrals. All the boundary and volume integrations are 
carried out numerically due to the polynomial parametric 
representation of the physical variables and problem 
geometry. Consider a body whose boundary is discretized into 
N curvilinear line segments (boundary elements) and M 
curvilinear cells for volume integrations). The 
corresponding parametric interpolations on a single boundary 
element for the boundary variables, namely the displacements 
and tractions are given respectively as,
and the internal variation of initial stresses within a 
single cell is defined by,
{u} = [N q] (un} (26)
and
{t} = [N q] (tn} (27)
{a0} = [M x] io0n) (28)
Note that the interpolation matrices [Nq] and [M1] are
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simply the polynomial shape function matrices which are used 
in standard displacement finite element formulations. With 
the above functional and geometrical idealization, the 
displacement vector on the pth boundary element obtained 
from Equation (16) is written in matrix form as,
where [C] is a 2 x 2 matrix whose coefficients are functions 
of the discontinuity of the tangent plane at the corner 
node, and N*3 and M1 are the shape functions of the qth 
boundary element. {tn},{un> and {on0} are nodal values of 
tractions, displacements and initial stresses. By taking the 
field point successively to all the nodal points on the 
boundary and absorbing the c matrix with the corresponding 
2 x 2  blocks of coefficients of [jF^l^ds], one could write
T-3937 28
[G]{t} - [F]{u> + [K] {a0} = 0 (30)
The vector {t} contains the nodal tractions around the 
boundary due to the applied stresses and the initial 
stresses, and the vector {u} contains the nodal
displacements around the boundary. By Rearranging the above
set of equations and adjusting for the known and unknown 
values of boundary displacements and tractions, Equation 
(30) becomes,
[A] {x} = {fc>} + fc0} (31)
where the matrix [A] contains the values of [G] and [F] 
corresponding to the unknown boundary displacements and 
tractions which are assembled in {x}. The vector {b} is 
obtained by matrix multiplication of [G] and [F] with the 
known values (boundary conditions) of boundary displacements 
and tractions and the vector {b0} is obtained by matrix 
multiplication of [K]{o°>.
After determining the unknown values of boundary 
displacements and tractions, together with the specified 
values, the interior values of strains can be evaluated from 
the discretized version of Equation (25),
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(€(£)} =
- s  (U*-'
B(xq,£)Nqds
(tn}" ^ 4S< 
+ ^ 2  [ĵvL ̂z 1 * ̂
C (x q, £) N qds {u
(32)
or the equivalent matrix form,
(e) = [B] (t) - [C]{u) + [L] (o0} (33)
Similarly the interior values of displacements are given by 
Equation (29),
= E ( [ L G(x*'«>NQds n) [ L s
?  [ L k *z 1' ̂ M ldv ]̂0°̂
F (x q, 5) N qds (u
n> )( 34)
or in equivalent matrix form,
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(u) = [G] {t} - [T] (u) + [K] (o0)
The corresponding stresses at interior points are 
calculated using the compliance tensor, i.e.,
° ij “
or in equivalent matrix form,
la] = [D] [e]
where the matrix [D] is given by,
[D] = E (1 - v)(1 + v ) (1 - 2v) 1 - v 
0




1 - 2v 
2 (1 - v)
The numerical evaluation of these integrals is 






3.2.6 Numerical evaluation of boundary and domain 
integrals
(I) Evaluation of boundary integrals: The boundary 
integrals to be considered are those whose integrands 
contain the kernels Gi:), F^, Bijk and Cljk multiplied by a 
shape function matrix Nq. Such integrals occur in Equations 
(32) and (34). The first two kernels are used to calculate 
internal displacements (Equation (34)) and the latter two 
kernels are used to determine internal strains (Equation 
(32)).
To illustrate the integration procedure, consider a 
typical boundary integral of a kernel Q (Q could be any of 
the above mentioned kernels) multiplied by shape functions 
Nq over the boundary Sm. The boundary Sa is also intepolated 
by shape functions Nq i.e.
x = [N̂ facq) ; y = [Nq](yq} (39)
The integral can be transformed into the form given by,
r QN qdS (x) = p Q N qJ(a)da (40)
where J(a) is the Jacobian and is defined by
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dS = v/dx2 + dy (41)
\(®r * (dx \2 da/ da (42)
= J (a) da (43)
The Gaussian integration formula for the above integral is 
given by,
J ON MS  - 52wkQkNkqJ(«k) (44)k-i
where wk are known as the Gauss weights, and xK the Gauss 
points for the integration quadrature and are given in 
Abramowitz and Stegun (1964). This formula integrates a 
polynomial of order 2K-1 exactly. For a complete discussion
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of the above procedure refer to Mustoe (1980) or Banerjee 
and Butterfield (1981).
The various situations that can arise in the 
integration procedure are discussed below.
(i) Non-singular case: When the field point (£) and 
source point (x) are far (r>0), all the integrals are non­
singular and are evaluated with a simple Gauss-quadrature 
procedure employing the formula described above.
(ii) Near-singular case: When r 0 some of the 
integrals become near-singular and special care has to be 
taken to evaluate the integrals. The integrals containing 
Bij]c and Cijk are weakly singular. These integrations though 
integrable in the normal sense, require a large number of 
Gauss points. For this purpose the boundary element is 
subdivided into segments (Figure (2)). For simplicity the 
Gauss points are not shown on all boundary elements.
(iii) Singular case: When the field point (£) and the 
source point (x) coincide, both G±j and F±j (Equation (25)) 
show singular behavior. G±i exhibits logarithmic singular 
behavior, and F±j a singularity of the form of 1/r.
The lograthmic singularity of GLi is weak and therefore 
still calculable in the usual sense with a sufficient number 
of Gauss points. Standard Gauss quadrature methods are used 
to calculate these weakly singular integrals.
Figure 2: Order of integration
The strong singularity of F±j results in integrals that 
must be computed as a Cauchy principal value integral.
The integral containing can be written as made up of two 
parts
The second term on the right hand side is a singular term 
that has to be calculated separately. Calculation of the 
singular terms of the matrix [F] (2x2 diagonal blocks - si;J) 
of Equation (30) are obtained from the non-singular
(45)
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integrals involving in conjunction with rigid body 
translations of the body (Cruse(1974)). If an arbitrary 
rigid body displacement is applied to a body (to any region 
of finite size) with specified zero body forces it will 
generate no traction on the boundary (i.e. t = 0).
Therefore, Equation (30) can be written as,
[F] hi) = (0) (46)
This equation is valid for any system of arbitrary 
rigid body displacements. Each coefficient of the 2 x 2  on- 
diagonal blocks therefore is equal to the sum of all the 
other off-diagonal coefficients with a change in sign.
The order of interpolation used throughout this work is 
two which corresponds to quadratic boundary elements. For a 
further detailed discussion of this numerical scheme refer 
to Mustoe (1980). The order of integration in the present 
work was 20 points. For simplicity, this order remained 
constant for all integrations.
T-3937 36
(II) Evaluation of domain integrals: The domain 
integrals are the integrals involving kernels Kijk and Lijkl 
multiplied by the shape functions matrices M1 (Equations
(32) and (34)). These integrations are carried out as 
presented by Mustoe(1984) with some modifications. For this 
integration, the domain is divided into M eight noded cells 
whose geometry is analogous to eight noded finite elements. 
For simplicity sake, stresses are assumed linear within each 
cell. The stresses are calculated at four Gauss points 
within each cell. The integration procedure and formulae are 
similar to those for the boundary integration except that 
these integrations are carried out in two dimensions. For a 
detailed description of the method, refer to Mustoe(1984).
The different situations that arise in the domain 
integration are given below:
(ii) Non-singular case: The non-singular integration 
(when the field point is outside the cell) is 
straightforward and is carried out by a direct application 
of the quadrature formula in two dimensions.
(ii) Near-singular case: This situation is analogous to 
the one in boundary integration. When the field point (5) is 
out side the cell being integrated but close, the behavior 
of the integrals involving Kijk and Lijkl become near­
singular. Similar to the boundary integrations, these
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integrals can be calculated with a sufficient number of 
gauss points.
(iii) Singular case: The singular cases can be divided 
into two types - those occurring during displacement 
calculations involving Kijk and those occurring during strain 
calculations involving Lijkl.
(a) Displacement calculations: K is singular of
order 1/r. This singularity is circumvented by subdividing 
the cell into triangular sub-cells. The triangular sub-cell 
is transformed to a unit square and a polar system of co­
ordinates is defined through the field point (Figure (3)). 
This transformation from a rectangular to polar co-ordinate 
system gives a Jacobian as
dA = Jdrd0 = rdrd0 (47)
where dA is an infinitesimal area in the cell. It should be 
noted here that the transformation is exact only if there 
are straight sided cells.
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Z
Figure 3: Subdivision into subcells
Since the integrand is of the order 1/r, it is bounded 
and can be evaluated accurately by selecting an appropriate 
order of integration. In the present work, the order of 
integration used was 20 points for all integrals.
The cells are divided into two or three triangles 
depending on the location of the field point on the boundary 
(corner or side) and four triangles if in the interior as 
shown in Figure (3) (Mustoe(1984)).
(b) Strain calculations: The integration involving Llj]a 
is strongly singular and of order 1/r2. It should be noted 
here that a singular integral I Vads/Ra is integrable in the
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normal sense only if m < n - 1, where Vn is an n-dimensional 
volume which includes the point R=0 (Mustoe(1984)).
The integral of Lij]cl is supplemented by an extra term 
(analogous to the evaluation of the singular terms of the 
integrals involving F±j> and this singular term cause the 
numerical integration to be very difficult (Bui(1978)). The 
singular term therefore has to be calculated separately. The 
method used in the present work is different from that 
presented in recent literature involving the use of a stress 
expansion term by Henry and Banerjee(1987), Henry and 
Banerjee (1988) and Banerjee, Henry and Raveendra (1989). A 
simpler method to evaluate these integrals with a singular 
term is presented below.
The boundary element formulation to evaluate the 
strains at internal points is given by Equation (25). 
Considering the strains due to initial stresses only, one 
gets
ii (5) = f BjjjM 1<Jjk,kdV (48)
J v
where Bljl k =
This integral can be expanded using Green's theorem as,
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f*in°ik.^ldv = fj( k - *ui‘ kM^jJdv
(49)
= / SB ijlM  'tjtlS - /vB ljl( „M V ^ d V
As can be clearly seen from Equations (49), if the 
initial stress ai;)0 is constant the initial stress gradient 
o±i 0 = 0. If this condition is applied to Equation (49), and 
we obtain,
J * 1tj°dS = fvBL]l' k1* l°3kdv (5°)
or in the numerical form,
N
+ [L] ,j{ô (51)
where the second term on the right hand side indicates the 
singular 3 x 3  blocks of the matrix [L]. All the matrices in 
Equation (51) are exactly as those described in Equation
(33).
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3.2.7 Treatment of corners 
3 . 2.7.1 The problem
This section discusses some of the difficulties 
encountered in dealing with corners that often arise in 
elastostatic problems. In any elastic problem, the 
displacements are uniquely defined at corners and they are 
continuous at the corner. In contrast the tractions 
(tL = a n̂  ) are not unique because the normals on either 
side of the corner are different. Hence the tractions are 
discontinuous at the corner (Figure(4)). Rewriting the 
boundary element matrix equation for a two dimensional 
elastic problem with no initial stresses, one obtains,
[G] it} - [F]{uJ = 0  (52)
If one considers a problem with m boundary elements 
with nc number of corners, the matrices will have the 
following sizes:
[F] = 2m x 2m
[GJ = 2m x (2m + 2nc)
The [G] matrix has additional columns due to the non-unique 
values of tractions at corners. There are three distinct 
cases of boundary conditions. The case of all tractions 
specified or the case with suitable mixture of boundary
T-3937 42
displacements and tractions specified pose no problems. 
These two cases produce 2m equations to be solved. But, for 
the case without four out of the six boundary variables (4 
tractions, 2 displacements) not specified, there are more 
than 2m simultaneous equations and the system cannot be 
solved. An alternative method of dealing with these corners 
has to used.
nb n n n a
(a) (b)
Figure 4:Double node representations
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3.2.7.2 Double-node representation. The method used in the 
present work to overcome the problems described in the 
previous section is discussed below. This method treats the 
corner node as two independent nodes at the same 
point(Figure (4)). Note that the two separated nodes in the 
figure are actually the same point. The number of vector 
variables to be considered is therefore two tractions and 
one displacement. Two traction vectors due to the 
discontinuity and a displacement vector. The total number of 
components for a two dimensional problem is six (four 
tractions and two displacements). The number of boundary 
conditions to be specified at the corner is therefore four 
since only two unknowns are allowed at each node (in two 
equations). This method therefore makes it imperative that 
at least two traction components be specified in addition to 
other boundary conditions. For a detailed description of 
handling the problem, see Mustoe (1980).
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3.3 Inhomoqeneous elastic problem
Consider a inhomogeneous elastic problem which consists 
of a body made up of two different materials with elastic 
properties E1, v 1 and E2, v2. The first set of properties is 
assumed to be the homogenous set of properties and the 
second set the inhomogeneous.
The boundary element algorithm used in the present work 
incorporates material inhomogeneity in the form of an 
initial stress corrector which satisfies equilibrium.
The equilibrium equation for an inhomogeneous linear 
elastic problem can be given by
and (n) indicates quantities related to the inhomogeneous 
problem.
The equation can be further expanded to incorporate 




® ij — ^ijkl®kl + ^ijkl^®kl (55)
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The second term on the right hand side is the stress 
corrector term and is unknown. Djkl is the homogeneous 
compliance tensor (from E1 and and Dyk)n is the 
inhomogeneous (from E2 and v2) compliance tensor. Therefore,
o ' [ D i njkl - Dijkl] ekl (56)
Based on the above equations, we can write the 
equilibrium equation as,
O i i . j + o l i . r  0 (57)
where o 1, = Dijkl£nkl
The stress corrector gradient (O;..0)in the above 
equation is treated as an unknown body force term. The 
stresses a,j* are generated by the strains developed in the 
inhomogeneous solid using homogeneous material properties.
To solve this equation, the homogeneous linear elastic
problem is solved first using properties (1) and no body
forces. The stress corrector, â 0 is calculated from 
Equation (56) and the problem is resolved with this 
corrector. With the new strain field, the new stress 
corrector is calculated and the process is repeated 
iteratively until the strain field £{* has converged. A 
strain norm described in the next section is used for 
testing convergence.
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The advantage of this algorithm over existing ones is 
that the region under consideration need not be divided into 
multiple regions to isolate regions with uniform material 
properties.
A more detailed discussion of the algorithm is 
presented in Section 3.4. The steps involved in implementing 
this iterative scheme are also discussed in that section.
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3.4 Computational procedure for two dimensional 
inhomogeneous elastic problem
A brief outline of the implementation of the BEM 
algorithm for two dimensional inhomogeneous elastic problems 
is presented. The procedure is listed in steps with a brief 
description and reference to the equations used. The program 
flow structure is also given in Appendix B with description 
of the various subroutines used.
(0) Initialize variables
Initialize vectors for displacements, tractions, 
strains and stresses before starting iterative procedure.
i) Compute and build boundary element matrices.
This step determines the matrices [G], [F] and [K] as 
in Equation (30). The individual integrals of the kernel- 
shape function products are calculated for all the boundary 
nodes and then assembled according to number of traction 
discontinuities (Section 3.2.7).
(ii) Solve for boundary variables.
Solve Equation (31) for unknown boundary displacements 
and tractions with {b°> = 0. The homogeneous displacements 
and tractions are referred to by {u}h and {t}h respectively.
(iii) Calculate strain fields.
Build the matrices [B], [C] and [L] and calculate 




Internal stresses are calculated using Equation (36).
Steps (i) through (iv) determine the solution to a 
linear elastic homogeneous problem. If the region is 
inhomogeneous the following steps are necessary.
(v) Stress correctors.
The stress correctors are only calculated for cells 
which consist of inhomogeneous properties.
(vi) Convergence
A strain norm is used to check for convergence. It is 
defined in the following way:
{o}h = [D] {el (58)
The stress correctors {a0} are calculated from {«> as 
in Equation (56).
{o°} = [ [D] n - [D] ]{e} (59)
e new 1 6 1 old | < tolerance (60)
new
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where the tolerance is user specified (usually = 10*3) and
1*1 =(eij*ij)°'5*
If the convergence criterion is not satisfied the 
process of iteration is repeated with the calculation of new 
stress correctors but if the criterion is satisfied the 
analysis of the inhomogeneous elastic problem stops.
(vii) Boundary displacements, tractions and internal strain 
increments.
With the calculated stress correctors as initial 
stresses, steps (ii) through (vi) are repeated but with 
{b}=0, thus all quantities calculated become increments 
during that particular iteration, due to the stress 
corrector alone.
(viii) Update
The boudary displacements, tractions and internal 
strains and stresses are updated every iteration.
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3.5 Boundary element algorithm for inhomogeneous 
viscoplastic problem.
This section outlines the BEM algorithm to solve 
viscoplastic problems with material inhomogeneities. During 
viscoplastic flow, the total strain is related to the 
viscoplastic strain rate and the elastic strain rate by the 
following equation,
{*} = tee} + (6i)
where




Y = fluidity parameter 
$(F) * flow function 
Q = plastic potential.
For a detailed discussion of viscoplastic theory refer 
to Appendix D.
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The equilibrium equation is given by,
°ij,j = 0 =► (Di"kleia) / i = 0 (64)
subject to
-H-P II on st
= u± on Su
The stresses involved in the BEM algorithm consist of two 
parts as has been discussed before,
a i:j = o’ij + a %  (66)
w h e r e ,
and D,jkl is the homogeneous isotropic compliance tensor. The 
equilibrium equation therefore becomes,
a 'u,i + Oij.j = 0 <6 8 >
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w here
°°ij = °ij " a/ij (69)
DijklSkl _ D ijkle kl *7°)
~ [D ijkl “ D ijkl]€ kl ~ D ijkl®kl <7 1 )
The above equation can be rewritten as,
Oil = <°lj) + (O0̂ )'* (72)
where,
(Oj.0) = corrective stress due to inhomogeneity, and,
= [Dijkl ” D ijkl]€ kl
(a,,0)^ = corrective stress due to viscoplastic deformation.
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3.6 Computational procedure for two dimensional 
inhomogeneous viscoplastic problem
Briefly described below are the steps involved in the 
implementation of the algorithm present in Section 3.5.
1. Elastic analysis
The inhomogeneous elastic problem is solved and the 
boundary displacements, tractions, internal strains and 
stresses are obtained. The problem is solved for the total 
load.
2. Viscoplastic analysis.
(i) Loop over load steps (the i loop)
Update total displacements, tractions/ strains and 
stresses due to an incremental loading factor a± which is 
due to nonhomogeneous elastic behavior only.
<u}i+1 = {v}L + a (73)
(74)
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{eli+1 = te}i + a n) (75)
+ l = to,i + a i*°n} (7 S )
(ii) Initialize the time step
A t  = A t n (77)
This time step is always initialized for the first time step 
within a load step analysis. It can be altered if necessary 
during the analysis within the time step loop. The time step 
is altered depending on the strain rate.
(iii) Begin the time step loop (the n loop)
(iv) Begin the cell loop
Depending on the properties of each cell the 
viscoplastic strain rate is calculated at four nodal 
sampling positions which have been chosen to coincide with 
the 2x2 Gauss points within the cell.
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(v) Compute viscoplastic strain rate
The viscoplastic strain rate is computed using the 
Equation described in section 3.5, i.e.
where an is dF/do for associated plasticity, and F is the 
yield function (Hinton and Owen(1980)).
(vi) Calculate the new time step





( a î € n^ eff
(79)
then








where r is the time step parameter and i,j are summed.
(vii) End the cell loop
The viscoplastic strain rate for each internal point 
and the new time step for the problem have now been 
computed.
(viii) Compute viscoplastic strain increment for each cell.
(ix) Compute viscoplastic stress correctors.
In all cells due the stress corrector to viscoplastic 
strain increment is,
{AeM = feMAt (82)
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[D] h(Aevp} (83)
(x) Compute the inhomogeneous stress correctors.
The adjustment to the stress corrector due to the 
inhomogeneity is,
{o°n} = [ [D] n - [D] ]{Ae} (84)
(xii) Compute the total stress corrector.
The total stress corrector is calculated from Equations 
(83) and (84) as,
{o°} = { o V  + {a°n} (85)
(xiii) Compute the boundary increments. The boundary 
displacements and tractions due to this stress corrector and
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zero boundary conditions are determined by,
where,
{b °} = [K] {a0} (87)
and [A] and [K] are the same matrices calculated earlier in 
Equations (31) and (30) respectively.
(xiv) Calculate the strain increments
The strain increments due to the corrector stress are 
calculated using the above boundary increments in 
displacements and tractions and zero boundary conditions.
(xv) Compute stress increments. The stress increment uses 
the constitutive equation with the elastic component of 
strains only,
[B] {At} - [C]{Au}+ [L] {o0} (88)
{Ao} = [D]{Ae*} = [D] ({Ae} - tevp}) (89)
(xvi) Update.
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The boundary displacements, tractions and internal 
strains and stresses and viscoplastic strains are updated.
(xvi) Check for steady state conditions
The steady state conditions are checked with the strain
norm.
where the tolerance is user specified.
(xvii) Accelerate the time stepping.
The nature of the time dependence for viscoplastic 
behavior often permits an acceleration of the time stepping,
< t o l e r a n c e
i®r
(90)
A t  = P A t (91)
where 0 is user specified.
(xvii) End time loop.
If steady state is reached, end the time loop.
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(xviii) End load step loop






Examples of one- and two-dimensional homogeneous and 
inhomogeneous elasto-viscoplastic analysis are presented in 
this chapter. The one-dimensional results are compared with 
analytical solutions and the two-dimensional solutions are 
compared with finite element solutions obtained using the 
finite element code PLASTO (Hinton and Owen(1980)). Sample 
input data are presented in Appendix C.
4.2 Homogeneous Problems
4.2.1 One-dimensional problem. A square plate of unit 
length is considered under an applied traction in the y- 
direction on one end as shown in Figure(4). The 
discretization consists of eight quadratic boundary elements 
and four eight-noded cells. The uniform applied traction on 
the top edge is 15 units and the other boundary
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conditions are shown in Figure(4). The material properties 
and other data used to solve the above problem are:
E = 10T000 N/mm2 (Youngs’ modulus) 
v = 0.0 (Poisson's ratio) 
oy = 10 N/mm2 (Yield stress)
H' = 5000 N/mm2 (Hardening parameter)
Y = 0.001 /sec (Fluidity) 
r = 0 . 1  (Time stepping parameter)
Yield criterion - von Mises' yield criterion
P = 15
E = 10,000 
ay = 1 0r = 0.001
H* = 5000
Figure 4 One-dimensional homogeneous problem
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For the homogeneous problem all the cells have the same 
properties.
The end displacement was studied as a function of time 
and the analytical solution was calculated using the 
expression for the y-componenet of strain given by(Hinton 
and Owen(1980)),
-H'ytP . <p - ®;i[1 _ e j (92)e = —  +E H
The results of the displacement as a function of time 
are shown in Figure(5) and the steady strains along the edge 
are given in Table(l).




Anal. BEM Region Anal. BEM
0.00025 0.00025 I 0.00025 0.00025
II 0.00040 0.00040
Table 1: Steady state strains
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4.2.2 Two-dimensional problem. The problem considered 
is the elasto-viscoplastic deformation of a thick walled 
cylinder under the action of internal pressure loading with 
the exterior surface remaining free. The mesh employed is 
shown in Figure(6) with plane strain conditions being 
assumed in the axial direction. The material properties 
used are given as follows:
E = 21/000 N/mm2
v = 0.3
r = 0.01 day
ay = 24 N/mm2
H' = 0.0 N/mm2
Y = 0.001/day
$(F) = F (Flow function)
Yield criterion - von Mises yield criterion 
P = 14 N/mm2 (applied traction).
The steady state solution for stresses of the 
viscoplastic problem are compared with the elasto-plastic 
solution. Since these two equilibrium states are identical 
(Perzyna(1966)).
The steady state hoop stress distribution gives an 
indication of the depth into the material which has 
undergone yielding as shown in Figure(7).
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Excellent agreement is obtained between the two cases 
as can be seen. The finite element solution was based on the 
same mesh as the cell structure of the BEM mesh. The 
elements were eight-noded isoparametric elements. The steady 
state viscoplastic (also elasto-plastic) solutions for the 
hoop and radial stresses are compared. The elastic solution 
for the hoop stresses are also plotted to show the change in 
the values.
I Von Mises Yield C r ite r io n  ^  Y = 21,000 N/mn
(Jy= 24  N/mm
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4.3.1 One-dimensional problem. The one dimensional 
problem considered is shown in Figure(8). The problem 
geometry and the boundary conditions remain exactly as those 
of the homogeneous problem. The difference from the 
homogeneous case is in the material properties of the 
hatched cells (lower half) of the problem. These cells have 
a Young’s modulus of 5,000 N/mm2. This problem is solved 
using the algorithms developed in Section 3.5 and the 
solutions compared with the analytical solutions obtained 
from the same function as given by Equation(92). The 
displacement as a function of time is shown in Figure(9) and 
the strain distribution along y is given in Table(l). As can 
be clearly seen there is very good agreement between the 
analytical and numerical(BEM) solution to the problem.
P - 15
A A A A A
<► I




y =  0.001
H' * 5000
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4.3.2 Two-dimensional linear elastic problem
The two dimensional case consists of a thick cylinder 
composed of two different layers as shown in Figure(lO).
This type of problem is non-trivial. The first case 
considered is the cylinder under internal pressure deforming 
in a linear elastic manner.
This is done to validate the iterative algorithm used 
in solving the inhomogeneous linear elastic problem. The 
solutions is compared with the analytical solution.
4.3.2.1 Analytical solution. The analytical solutions for 
the stresses for the linear elastic inhomogeneous problem 
are given below (Figure (10)). A detailed derivation of the 
expressions is presented in Appendix E.
The expressions for stresses at any distance r in the two 
regions are given as,
For region 2,
g = a 2b 2(P0 - P±) + Pta 2 - P0b 2 (93)
r (b2 - a 2)r2 (bwp2 -a2)
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a = —a2b2(p° ~ pi) + pia2 ~ pob2 (94)
8 (b2 - a 2)r2 (b2 -a2)
and for region 1,
°r =
a 2Pj 
2 _ -2 1 - (95)
a0 =
a 2Pi






Figure 10: Analytical Solution
4.3.2.2 Boundary element solution. The problem 
described above was solved using the boundary element 
algorithm described in section 3.4. The boundary element 
mesh is shown in Figure (12). The data for this problem are 
Ex = 21000 N/mm2 (homogeneous property)
E2 = 15000 N/mm2 
v, = v2 = 0.3 
P = 18 N/mm2
The results obtained are presented in Figure (11). 
These results are in excellent agreement with the 
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Figure 11: 2-D inhomogeneous elastic problem
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4.3.3 Two dimensional viscoplastic problem. The last 
example considered is the two dimensional inhomogeneous 
thick cylinder subject to an internal pressure. Figure (12) 
shows the problem idealization. The boundary nodes are 
represented by dots. The inner layer is less stiff than the 
outer layer analogous to an inner lining in a cylinder.
V on Mises Y ield C r ite r io n  
Y, = 21,000 N /W  
Y, = 15,000 N /n r i
o'y— 24 N/nm
32 Boundary Elements 
48 Cells
Figure 12: Inhomogeneous cylinder
The data for the problem consisted of 
El * 21,000 N/mm2 
E2 = 15,000 N/mm2 
»1 - v2 = 0.3
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Pi = 18 N/mm2
All the other data relevant to the viscoplastic flow 
are the same as presented in Section 4.2.2. Steady state 
results are compared with the elasto-plastic solutions 
obtained from PLASTO. These results are shown in Figure 
(13). The results are in fair agreement with the finite 
element solution.
4.4 Unloading
For verification purposes the one-dimensional problems 
were solved under loading and unloading conditions. A load 
of 15 units was applied to one end and after steady state 
had reached the load was removed (reduced to zero). Under 
unloading conditions, the elastic component of the strain 
should be recovered (Bathe(1982)). This was performed for 
both, the homogeneous and inhomogeneous cases. The results 
of stress as a function of strain are shown in Figures (14) 
and (15). For the inhomogeneous case the results are plotted 
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Figure 13:2-D inhomogeneous elasto-plastic solution
T-3 9 37 77
OO«oooo
(jLULU/N) s s s j^s


















The results presented in the previous few sections can 
be broadly divided into two categories - one-dimensional 
problems and two-dimensional problems.
The one-dimensional problems have been solved to 
validate the algorithms presented in Chapter 3. These 
results in both cases were compared with the analytical 
solutions of the problems. The cells were of simple shape 
(squares) making the integrations very accurate and 
therefore the results were very accurate.
As a further validation some two-dimensional problems 
have been solved. The first problem is the homogeneous thick 
cylinder undergoing elasto-viscoplastic deformation. The 
results showed excellent agreement with the finite element 
solution. This problem, though it has been solved in the 
past (Banerjee(1982)), serves to validate the homogeneous 
elasto-viscoplastic part of the algorithm.
The inhomogeneous results have two parts - the linear 
elastic and the elasto-viscoplastic.
The difficulty in the linear elastic case is the sharp 
discontinuity in the hoop stresses at the interface of the 
two materials. The BEM results for this problem showed good 
agreement with the FEM solution. This was one of the major 
thrusts of this work.
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The other major thrust of this work is to solve two- 
dimensional inhomogeneous elasto-viscoplastic problems. For 
this case, the inhomogeneous cylinder problem has been 
solved. The BEM results compared well with the FEM solution 
though, not exactly. The discrepencies in this case though 
not entirely clear are speculated to be primarily due to the 
errors in the evaluation of the boundary and domain 
integrals. The problem required a large number of cells and 
boundary elements in the 0 and the r directions. This made 
the cells 'squarer' and therefore the integrations more 
accurate. However, because of the errors still in the BEM 
solution, it seems that additional accuracy in the 
integrations may reduce the error in the BEM result. 
Therefore, a detailed error analysis would be useful.
The algorithms for the two-dimensional problems have 
been validated only for the steady state viscoplastic 
solution. The transient behavior has not been verified.
In summary, algorithms for two-dimensional 
inhomogeneous elasto-viscoplastic flow have been presented 
and validated with numerical examples. Other quadrature 
methods of integration have to be investigated for more 




CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK
5.1 Conclusions
New algorithms have been presented to solve two- 
dimensional inhomogeneous linear (elastic) and non-linear 
(elasto-viscoplastic) problems. These iterative schemes do 
not need the domain to be divided into subregions to handle 
material inhomogeneities (Chapter 3). These algorithms have 
been implemented successfully to solve numerical examples 
(Chapter 4). The algorithms have been validated by solving 
simple one-dimensional problems and comparisons have been 
made with analytical solutions (Sections 4.2.1 and 4.3.1). 
Two dimensional problems have been verified with finite 
element solutions (Sections 4.2.2, 4.3.2 and 4.3.3). Good 
agreement was obtained in all cases.
While the one-dimensional (homogeneous and 
inhomogeneous) and two-dimensional homogeneous problems were 
solved easily, the two-dimensional inhomogeneous problems 
(elastic and viscoplastic) proved to be somewhat more 
difficult. The boundary elements and cell-structure had to 
be finer than the homogenous problems and particular
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attention was required in maintaining a low aspect ratio 
(approximately square geometry) for the internal cells.
In conclusion, it might be said that though boundary 
element methods have been understood as having some 
advantages in terms of accuracy and data preparation, the 
implementation of the boundary and volume integrations have 
required enormous effort in the present work. Much of this 
effort was because a constant number of Gauss points was 
used. They are the most time consuming part of the entire 
analysis. These integrations are a very critical aspect of 
the method since all the solutions depend on these 
integrations.
5.2 Suggestions for further work
As has been pointed out earlier, the integrations of 
the boundary element kernels are the most important aspect 
of the method. All the integrations require a high number of 
Gauss points. This is one area where more work needs to be 
done. More improvements may be obtained by implementing 
special methods of integration for the near-singular cases. 
New quadrature schemes may also be possible to evaluate the 
strongly singular functions. Immediate computational 
reduction in the integrations could be obtained by using a 
variable number of Gauss points.
T-3937 83
The stress fields in the present work was assumed to be 
linear and discontinuous in all cells. Quadratic continuous 
stress fields may lead to better results.
The emphasis of this work is to describe new algorithms 
to solve problems with material inhomogeneities. An 
immediate extension of this work would be to carry out a 
detailed error analysis of the integrations and develop 
schemes to optimize the boundary and volume integrations.
The advantage of algorithms presented in this work is that 
they can be applied to problems with continuous spatial 
variation of material properties or with anisotropy. This 
aspect of the algorithms also needs to be examined with 
applications. Various methods of adaptive mesh generation 
can also be investigated for the automatic generation of 
cells in regions showing non-linearity during the analysis. 
This would lead to a more efficient algorithm.
Lastly, the present work was restricted to two 
dimensions. A natural extension of this would also be to 
implement these algorithms in three dimensions, because 
boundary elements have proved to be very efficient when 
applied to three dimensional linear problems (Lachat(1975)). 
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APEPENDIX A
The various boundary kernels quoted in Chapter 3 are given 
below:
G±j = Cj. |c 28 i:jlnr - yiVj r 2 )
where.
Cl = - Qtz\l (1 - v)
C2 = 3 - 4v




ik C4(nky i - r^y*) ik syiVk
where,
4tt (1 - v )
C4 = 1 - 2v
Kijk = — jfterml + term2 + term3]
terml =
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term2 - - 2 y ^ y*r 2
term3 = ( jk + yk8 i;i)
| i ( c2» ijYk - * ikYj - 8 ikVi + — 1ry2—
where the constants Cl and C2 are the same as defined 
earlier.





terml = C,6 •4 13
term2 = C4 (n.^ - î y.,)
. ' 2niyi a ikYj + a jkYi " ^iY-tyO
inkf 2yiyi (n ja ik n ia 1k̂
c,Lijki = 2 2 [terml + term2 + term3 + term4 + terms]
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terms =
terml = 4C5 (yjyi5 lk + 7-^*8 u )
term2 = - 2C4(6j:L6 ik + 6 jk6 i:L)
term3 = 16
term4 = 26 ij ̂ kl
- 4(y1y 18 Jk + yiYjSk! + ykyi» ij + yiyk8ji)
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APPENDIX B
The program structure of the code written is given 
below. A short description of each subroutine used is also 
given. The source code is also provided on a floppy disc ( 






















Following is the list of subroutines (in alphabetical 












- Adds two vectors to give a third vector.
- Builds the [A] matrix (Equation (25)) from [G] 
and [F] (Equation (24)).
- Assembles strain kernels [B] and [CJ (Equation 
(29)).
- Assembles displacement and traction matrices [G] 
and [F].
- Flags known and unknown boundary displacements 
and tractions from input data.
- Calculates integrals of Bljk and (Equation’ijk
(28)).
- Calculates the kernel Bijk.
- Calculates the volume integration kernel Kljkl.
- Calculates local co-ordinates of Gauss point, 
the Jacobian of the boundary element and the 
normals at the field point.
- Generates cell-node co-ordinates, given nodal 


















- Main subroutine that carries out cell 
integrations.
- Checks validity of input data.
- Calculates the viscoplastic strain rate and the 
new time step from the current state of stress.
- Calculates C.,„.1 j K
- Calculates convergence norm from the strains 
during inhomogeneous elastic analysis.
- Calculates stresses from strains using the [D] 
matrix.
- Calculates Kroenecker's delta.
- Calculate increments in boundary displacements 
and tractions during inhomogeneous analysis.
- Calculates [D] matrix.
- Special four-noded shape function derivatives.
- Calculates eight-noded shape function 
derivatives.
- Calculates effective strains.
- Calculates viscoplastic strain rates.
- Stores Gaussian integration points and weights 
for upto 20 points.
- Build matrices [G] and [F].

















- Calculates {b°} from matrix [K] and {a0}.
- Calculates co-ordinates of internal points 
(Gauss points) for each cell.
- Reads input data from file (10).
- Calculates matrices [B] and [C] (Equation (29)).
- Calls CELL to calculate matrix [L] for strains.
- Calculates matrices [G] and [F] for 
displacements at internal points.
- Calculates the singular terms of the [L] matrix 
(Equation (41)).
- Calculates stress-invariants for elasto- 
viscoplastic analysis.
- Main program of the entire analysis (shown 
earlier).
- Calculates [G] and [F] matrices.
- Multiplies a matix with a vector.
- Given nodal co-ordinates, generates cell-node 
co-ordinates.
- Carries out inhomogenous elastic analysis.
- Evaluates shape functions and Jacobian for a 
boundary element to evaluate normal at a 
boundary node.
















- Prints output data to file (11).
- Converts cartesian strains and stresses to polar 
strains and stresses.
- Calculates values of principal stresses and 
their directions from a given stress state.
- Calculates the above for one point.
- [L][U] decomposition to factorize [A],
- Solves equation [A]{x}=s{b> from the factorized 
[A].
- Solves [A]{x}={b> by calling SLUSLV and also 
assembles boundary displacement and traction 
vectors from boundary conditions.
- Checks for steady state in the viscoplastic 
analysis.
- Calculates strains at internal points (Equation
(29).
- Calcualates incremental strains for the 
inhomogeneous elastic and viscpolastic analysis.
- Inhomogeneous viscoplastic analysis.
- Calls CELL integration subroitines.




The program to carry out inhomogeneous elasto- 
viscoplastic analysis is described in Chapter 3. In this 
appendix user instructions for preparing input data for the 
code are provided. Sample input data files are also provided 
after the description.
File (10)




CARD SET 2 PRINT OPTIONS - One card
IPRINT(8) Print data
NFREQ Print every (NFREQ) time steps
CARD SET 3 STRESS TYPE - One card
ISTRS Calculate stresses in polar
co-ordinates(=1)
CARD SET 4 VOLUME INTEGRATION PARAMETERS - One card
REPS Radius of exclusion
PSING Parameter to reduce singular
behavior(0.0 < PSING < 1.0)
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CARD SET 5 TITLE*(A80) - One card
TITLE Problem title
CARD SET 6 HOMOGENEOUS PROPERTIES - One card
E Young's modulus
MU Poisson's ratio
CARD SET 7 PROBLEM DISCRETIZATION - One card
Number of boundary elements 
Number of nodes per boundary element( = 3 )  
Number of degrees of freedom/node(=2) 
Order of Gaussian integration (boundary) 
Angle (in degrees) to determine corner 
Number of internal cells 
Cell generation code 
= 0 - Mannual input of nodal 
co-ordinates 
= 1 - Use GENCEL
= 2 - Generate cell-node co-ordinates
from given nodal co-ordinates and 
connectivities.
CARD SET 8 BOUNDARY NODE CO-ORDINATES - 2*NELEM-1 cards
XBOUN(IBOUN) X - co-ordinate
YBOUN(IBOUN) Y - co-ordinate
CARD SET 9 BOUNDARY CONDITIONS - NELEM cards












= 0 Prescribed displacement 
= 1 Prescribed traction
jdof = 0 - x direction
= 1 - y direction
BCVAL(IDOF,JE) Value of boundary condition 
SET 10 INHOMOGENEOUS PROBLEM DATA - One card
NMAT Number of material
TOL Tloerance to check convergence
NIT Maximum number of iterations allowed
SET 11 MATERIAL ID’s - One card
IMAT(I) Material I.D.
SET 12 INHOMOGENEOUS MATERIAL PROPERTIES - NMAT
cards
PROPS(I, J) Material property
J = 1 Young's modulus
* 2 Poisson's ratio
* 3 Yield stress
= 4 Hardening parameter
* 5 Angle of friction
= 6 Fluidity parameter
* 7 Flow function coefficient
= 8 Flow function
* 1 Associated plasticity 
> 1 Power law creep
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CARD SET 13 ' LOAD STEPS - One card
NSTEPS Number of load steps
CARD SET 14 LOAD STEP DATA - One card
SLOAD(I) Cumulative fraction of each load step
CARD SET 15 VISCOPLASTIC TIME STEPPING DATA - One card 
DTIMEO Initial time step 
NTIME Number of time steps
TAUFT Time stepping parameter
FACTDT Factor on time step
NCRIT Yield criterion
= 1 - Tresca 
= 0 - von Mises 
CARD SET 16 INITIAL STRESSES - NCELL Cards
SIGMAO(I,J) - Prescribed initial stresses
i = cell no
j = sigmax/ sigmay, sigmaz for each 
internal point in each cell.
File f19 ̂ (IGEN - 2)
CARD SET 1 CELL DATA - One card
NPOIN Number of cell nodes
NCELL Number of cells
NNDOD Number of nodes per cell(=8)
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NDOF Number of degrees of freedom(=2)
NGASX Number of Gauss points along x for
integration
NGASY Number of Gauss points along y for
integration 
CARD SET 2 CONNECTIVITY - NCELL cards
ICELL Cell number
INODE(ICELL) Cell connectivity 
CARD SET 3 NODAL CO-ORDINATES - NPOIN cards
INODE Node number
XCORD(ICELL,INODE) X - co-ordinate 
YCORD(ICELL,INODE) Y - co-ordinate
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APPENDIX D
Basic Expressions for an elasto-viscoplastic problem
The total strain rate in an elasto-viscoplastic 
material can be separated into two components - the elastic 
component and viscoplastic component. Therefore,
vp
where
s = total strain rate
e - elastic strain rate 0
evp= viscoplastic strain rate 
where (*) represents differentiation with respect to time. 
The total stress rate depends only upon the elastic strain 
rate according to
Id} = [D]{6e)
where [D] is the elastic compliance matrix. The onset of
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viscoplastic behavior is governed by a scalar yield 
condition of the form
F(o,evp) - F„ = 0
where F0 is the uniaxial yield stress which may itself be a 
function of the hardening parameter, k. The viscoplastic 
strains are calculated from the viscoplastic strain rates 
and the viscoplastic strain rates are a function of the only 
current stress, hence
^  = f (O)
The form of the above equation used in this work is given by
6^ = y<*(F>>-£
in which Q is a 'plastic' potential and y is a fluidity 
parameter controlling the plastic flow rate. The term $(x) 
is a positive monotonic increasing function for x > 0 and
T-3937
the notation < > implies
(<D(x)> = <D(x) for x > 0 
(<& (x)) = 0 for x  ̂0
For simplicity sake F is assumed to be the same as Q and 
therefore the above equation reduces to,
^  = y<4(f)) |
The function for $ is defined as follows,
(F) = f F - F0\N
105
in which N is an arbitrary prescribed constant.
The viscoplastic strain increment A£vp“ occurring in a
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time interval At is calculated using the Euler timen
integration scheme which is as follows,
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APPENDIX E
Analytical solution for an inhomogeneous 
cylinder under internal pressure
This appendix presents the derivation of the solution 
for an inhomogeneous thick cylinder under internal pressure.
The two layers of the thick cylinder are separated into 
two different layers (hollow cylinders) as shown in 
Figure(10). The first inner cylinder has an internal applied 
pressure (Pi) and an outer surface pressure(P0) which is the 
interface pressure developed due to the inhomogeneity. The 
outer surface of the outer cylinder is free of any pressure 
loading.
To determine the stress distribution in the cylinder 
due to the pressure loading, the interface pressure (PQ) has 
to be solved for first.
The stress distributions are solved for separately in 
the two different layers considered as separate cylinders^ 
with appropriate boundary conditions. The coupled problem is 
solved for with two conditions to be satisfied:
At the inner and outer surfaces:
(i) ar = -p at r = a
(ii) or = 0 at r = c
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At the interface (r=b):
(i) (ar)l = (ar)2 = -P0
(ii) (u)1 = (u)2
The general solutions for the radial and hoop stresses
for a cylinder under pressure, are given by (Timoshenko and
Goodier(1982)).
o r = -^| + 2 B t (1)
r  2
and,
Oe = - + 2Bi (2)r 2
where i * 1,2.
Using Hooke's law and calculating displacements from 
strains, we get,
u = -^-(o9(l - V 2) - v(l+v)or) (3)E i
Solving for the interface pressure (P0) at the
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interface (r=b) using the equations for displacements and 
boundary conditions given above
(f i I
(F2 + F3}Po = r   i (4)
where
FI = b 2 a 2P i(1 - v2) E, (b2 - a 2) (5)
F2 = Ej| (b2 +c2) (1 - (c2 - b 2) ■^11 + v(l + v)} (6)
F 3  b { -(a2 ^ b 2) (l - v2) + (1 + v)}
E2 (b2 - a 2)
The expressions for stresses at any distance r in the two 
regions are given as,
For region 2,
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o = a 2b 2 (P0 -  P t ) + Pj_a2 -  PQb 2 (g
r ( b 2 - a 2) r 2 ( b w p 2  - a 2)
o = - a 2 b 2 (p 0 - P l> + P i&2 - p 0b2 (9)
9 (b2 - a 2) r 2 (b2 -a2)
and for region 1,
a 2Pj
b 2 - a 1 -
J s L  _ 2 (10)
°6 =
a 2Pt
b 2 - a 2 1 +
b 2) (ii)
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r- r isFigure 1: Analytical Solution
